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ABSTRACT 
 The Brownian motion of a particle immersed in a bath of charged particles is considered when 
the system is placed in magnetic or electric fields. Coming from the Zwanzig-Caldeira-Legget 
particle-bath model, we modify it so that not only the charged Brownian particle (BP) but also 
the bath particles respond to the external fields. For stationary systems the generalized Langevin 
equations are derived. Arbitrarily time-dependent electric fields do not affect the memory 
functions, the thermal noise force, and the BP velocity correlation functions. In the case of a 
constant magnetic field two equations with different memory functions are obtained for the BP 
motion in the plane perpendicular to the field. As distinct from the previous theories, the random 
thermal force depends on the field magnitude. Its time correlation function is connected with one 
of the found memory functions through the familiar second fluctuation-dissipation theorem.  
 
Introduction 
The Brownian motion (BM) of a tagged particle in a bath of other particles is effectively 
described by the generalized Langevin equation (GLE) [1]. As distinct from the standard 
Langevin equation [2], the GLE instead of the Stokes friction force contains a convolution of a 
memory kernel with the velocity of the tagged particle. The kernel is connected to the random 
thermal force through the second fluctuation-dissipation theorem (FDT) [1]. Following Kubo [1], 
in the linear approximation it is usually assumed that if external forces act on the system, they do 
not affect the thermal force and thus the FDT. The action of such forces is restricted to the 
Brownian particle (BP), leaving the bath particles unaffected by the external field. However, 
according to several recent papers such approach is not realistic [3,4,5]. There are a number of 
important physical problems, where not only the BP but also the particles that constitute the heat 
bath are subjected to the external field. It has been shown in Ref. [3], by computer simulations, 
that if the dynamics of a single methane molecule solvated in water is modeled by the GLE, the 
memory function necessarily depends on the elasticity constant of the external harmonic 
potential. In Ref. [4], devoted to the study of the influence of external oscillating electric fields 
on the particle-bath systems, a new form of the FDT was derived: the time correlation of the 
stochastic force is not just equal to the memory function, but there is an additional term which is 
proportional to the amplitude of the ac field squared. This term is absent in all previously studied 
versions of the FDT. In Ref. [5] we considered a stationary particle-bath system in an external 
harmonic potential within the Zwanzig-Caldeira-Legget (ZCL) model [6,7], derived the GLE and 
showed that the FDT has the same form as found by Kubo [1]. However, the memory function 
and the thermal force depend on the elastic constant of the confinement potential.  
In the first part of the present short note we revisit the model [4] considering the motion of a 
charged BP in a bath of charged particles. The system is placed in an electric field which can be 
constant or arbitrarily dependent on time. It is assumed that not only the BP but also the bath 
particles respond to the external field. It is shown that the electric force, which does not depend 
on the positions or velocities of the bath particles, has no effect on the properties of the random 
thermal force and the memory function. The Kubo’s FDT and the BP velocity correlation 
function thus remain the same as in the absence of the external field. The mean velocity of the 
tagged BP differs from that in the case when the bath does not respond to the electric force. 
Within the modified ZCL model, an exact equation for this velocity and its approximate 
solutions are obtained depending on the frequency distribution of the bath particles regarded as 
harmonic oscillators. In the second part of the work we consider the same system under a 
constant magnetic field. As distinct from the electric force, the magnetic force on the charged 
particles depends on their velocities, which are stochastic variables. We show that the motion of 
the BP across the field is described by two equations of the GLE type with two memory 
functions. When the response of the bath to the external field is “switched off”, one of these 
functions disappears. The second one enters the FDT that has the familiar Kubo’s form but, if the 
bath response is taken into account, it depends on the magnetic field magnitude. The obtained 
explicit expressions for the memory functions are determined by the frequency distribution 
function of the bath oscillators and their coefficients of coupling to the BP. A method of 
approximate calculation of the relevant time correlation functions, such as the velocity 
correlation function (VCF), for the BP in the plane perpendicular to the field is proposed. 
 
Particle-bath systems in the presence of external electric fields 
 Let us first consider the particle-bath system in an external electric field. The particle is 
linearly coupled with N oscillators, which are not coupled to each other. The electric field with 
intensity E(t) is oriented along the axis z. The bath oscillators with eigenfrequencies i  and 
masses im  carry net charges iq , and the charge of the BP of mass m is Q. The strength of 
coupling between the tagged particle and the ith oscillator is ic . The momenta of the bath 
particles and the BP in the z direction are, respectively, ip  and p. The Hamiltonian of the system 
[4,6,7], 
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consists of the Hamiltonian of the tagged BP in the absence of the external field, the Hamiltonian 
of the bath of harmonic oscillators coupled to the BP, and the one representing the influence of 
the electric field on the system. The equations of motion along the direction of the electric field 
for such a system of particles are 
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The terms connected with an external harmonic potential [4-7] can be easily included in the 
consideration but are not principal for the aims of this work. The equation of motion for the BP 
can be obtained by substituting the solution of Eqs. (3), /i i iz p m , in p  from (2). This can be 
effectively done by rewriting the time-dependent quantities in the Laplace transform (LT), e.g., 
0
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Going back to the time domain with the use of the convolution theorem and the relation 
( ) (0) ( )sz s z s   [8], we get the GLE for the velocity of the BP /p m  ,  
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determined by the random initial quantities (0)z , (0)iz , and (0)iz  with zero means and 
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   is the memory function. For the special case 0( ) sin( )E t E t  Eq. 
(5) coincides with Eq. (6) from [4] where, however, the first term on the right-hand side of (5) is 
included in f(t), for which there is no reason. This term does not contain any stochastic quantity 
and determines an additional effect of the electric field on the BP due to its coupling to the 
surrounding particles. Neither the memory function (t) nor the stochastic force f(t) are affected 
by the electric force, which is independent on the positions and velocities of the bath particles. In 
such a view, Kubo’s second FDT remains unchanged. As it is seen from (5), what will change is 
the mean velocity, which will be different from zero and dependent on E(t). The equation for the 
determination of ( ) ( )V t t    from Eq. (5) is  
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The VCF 0 0( ) ( ) ( ) (0) ( )C t t t t t            (the system is conditioned to be stationary) 
remains the same as in the absence of the field. Multiplying Eq. (5) by (0) and averaging with 
the assumptions (0) ( ) 0f t    (causality) and (0) 0   , one gets 
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By using the equipartition theorem, (0) /BC k T m  , the solution of (5), in the LT, is 
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If Eq. (5) is multiplied by (0) (0)f m  and averaged with the use of (0) ( ) ( )t C t      and 
(0) ( ) ( )t C t     , we find for ( ) ( ) (0)ffC t f t f     
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or 2( ) [ ( ) (0)]ffC s m s sC s C     in the LT. Equations (8) and (9) give ( ) ( )ff BC s k T s  , 
which is the second FDT in its familiar form [1], 
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Note that in Ref. [4] the right-hand side of Eq. (14) for the correlation function of the thermal 
force contains an additional term ~ ( ) ( )E t E t  due to which this force does not obey the claimed 
in [4] stationarity. 
 
Brownian motion in a bath responding to a constant magnetic field 
 In the case of an external magnetic field, the situation principally changes. Let the system of 
the BP and bath particles is placed in a constant magnetic field B  oriented parallel to the axis z. 
If the positions of the bath particles and the BP are ( , , )i i i ix y zr  and ( , , )x y zr , and momenta 
( , , )i xi yi zip p pp  and ( , , )x y zp p pp , respectively, instead of Eqs. (2) and (3) we now have to 
study the coupled equations of motion with magnetic forces 
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Along the axis z, the motion of the particles is not affected by the magnetic field and will be not 
considered here. To get the equations of motion in the plane perpendicular to the field one can 
act similarly as in obtaining Eq. (4), by using the LT of these equations. So, if ( )iy s  obtained 
from Eq. (12) is substituted into (11), one gets for ( )ix s  the equation 
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A similar equation for ( )iy s  is obtained if all x are replaced by y and vice versa, and the 
cyclotron frequencies /i i iq B m   are changed to i . The equations contain initial positions 
of the oscillators, (0)ix , (0)iy , and their initial velocities, (0)ix , (0)iy , all of which are random 
quantities with zero mean. Note that in the absence of the external field the inverse LT [8] 
immediately gives the known solution of the inhomogeneous equation (12) [6]  
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Continuing the calculations in the LT, we substitute the solutions for ( )ix s  and ( )iy s  in the 
Laplace transformed Eq. (11) and only after that we return to the time domain. The final 
equations for the BP are 
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Here, ( )xf t  and ( )yf t  are independent zero-mean projections of the random force that are 
determined by the initial positions and velocities of the particles in the system. It is seen that (15) 
and (16) are of the GLE type but with two functions, G(t) and H(t), determining the retardation 
effects in the BP dynamics. If we denote 2 2 1/2( 4 )i i i     and i i i 
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Equations (15) and (16) possess large possibilities for the predictions of the behavior of systems 
of charged particles in the magnetic field. Specific solutions for the correlation functions 
describing the random motion of the BPs such as the VCF 0 0( ) ( ) ( )C t t t t      ) require 
knowledge of the distribution function for the frequencies { i } and coupling constants ic  for 
concrete systems. However, some results of general character can be obtained just assuming that 
the system is conditioned to be stationary, without restricting it to be in thermal equilibrium [9]. 
So, let us multiply Eqs. (15) and (16) by (0)x  and (0)y , respectively, and statistically 
average. From the obtained equations for ( )C t
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causality principle due to which (0) ( ) 0f t     for t  0, applying the convolution theorem [8] 
and equipartition, (0) /BC k T m    , we find the VCFs 
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These functions are related to all other relevant correlation functions, such as the positional 
autocorrelation function in the x direction in the plane perpendicular to the field,
( ) (0) ( )xxC t x x t   , the mean square displacement ( ) 2[ (0) ( )]xx xxX t C C t   or the time-
dependent diffusion coefficient ( ) ( ) / 2xD t X t . In the LT, 
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[10]. Analogous relations hold for the y direction. Moreover, if we multiply Eq. (15) by 
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time correlation functions of the random forces ( ) ( ) (0)f fC t f t f       can be expressed through 
the already derived VCFs. Due to stationarity, the following identities can be used for ( )C t  ( 
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The second FDT in its usual form thus again holds also in the case when the bath responses to 
the external magnetic field. The important difference from Kubo’s relation is in the explicit 
dependence of the memory function on the external field. Here the role of the memory function 
is played only by one of the functions (17) and (18). Note that when there is no response of the 
bath, 0i  , H(t) = 0, and Eqs. (15-21) coincide with the previously used equations for the BM 
of particles in a magnetic field with the memory function G(t) [11,12]. 
 
Conclusion 
 The second FDT was derived by Kubo for the GLE assuming that random thermal force 
(thermal noise) is not affected by the external harmonic field. The elastic force was skipped from 
the equation. In Ref. [5] we have shown that for stationary systems the Kubo’s FDT is also valid 
for the full GLE with the external elastic force and that the thermal force and the memory 
function may be affected by it. In the present work, we derived the GLEs coming from the ZCL 
model modified to the cases when the bath responses to external (time-dependent) electric or 
(constant) magnetic fields. In both the situations the familiar form of the FDT remains 
unchanged, but while the electric forces have no effect on the memory function, the magnetic 
field affects it as well as the thermal force. The found equations of motion for the BP allow 
obtaining analytical expressions for the memory functions and relevant time correlation 
functions (for some attempts in this direction see the recent papers [13-15]). The presented 
model possesses various possibilities for its further development and designing and interpretation 
of new experiments. The next steps towards a more realistic description of the Brownian motion 
under external forces should be the inclusion into the consideration nonlinear effects due to the 
interactions between the bath particles, which are neglected in the presented calculations. The 
nonlinear character of the stochastic environment of the (harmonically trapped) BP has already 
been effectively taken into account in the recent work [16] but with no response of the bath to the 
external force. 
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